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I. QUANTUM MACHINE LEARNING

As noisy intermediate-scale quantum (NISQ) devices are starting to be built, there are many questions as to what
kinds of algorithms can be run on these devices. One of the most popular proposals are quantum machine learning
algorithms. There are many proposals for this, but we are only concerned about one:

Classical problems Quantum problems

Classical model Machine learning Classical shadows, only study constant-sized reduced density matrices

Quantum model Variational quantum algorithms Quantum random access memory (QRAM) reliant

TABLE I. Types of quantum machine learning algorithms. We are here mainly considered with variational quantum algorithms
here.

We will call these variational quantum algorithms (VQAs) [1] or quantum machine learning (QML) algorithms for
the remainder of this talk.

II. VARIATIONAL QUANTUM ALGORITHMS

These VQAs use some parameterized quantum state |θ⟩ prepared on a quantum computer to minimize some loss
function f (θ). Some examples of loss functions include:

fVQE (θ) = ⟨θ|H |θ⟩ , (1)

fCE (θ) = −
∑
v

log (⟨θ|Πv |θ⟩) . (2)

Many problems can be phrased as minimization problems. Combinatorial optimization problems, chemistry problems,
machine learning problems, and so on. Of course, the performance of such an algorithm depends completely on the
ease of optimizing loss functions of these forms. What is known about this?

It is apparent from these results that generally, variational quantum algorithms are untrainable. To get an idea
of how bad this is, look at a picture of a loss landscape for a quantum convolutional neural network (QCNN) in the
slides. So, what can we do to fix this?

The answer is to study restricted classes of variational quantum algorithms, as the above untrainability results
were all constructed from looking at generic variational quantum algorithms. Part of the motivation for considering
generic variational quantum algorithms in the first place is we could appeal to complexity theory to talk about their
power [8]. Thus, when considering restricted classes of quantum algorithms, the important question is: do restricted
classes exist that still maintain any advantage over classical machine learning models?

It turns out, the answer is yes! And, as a side-effect of not being able to appeal to complexity theory, we will be
able to point to the exact quantum phenomenon that yields the separation—in other words, our proofs are completely
constructive. A negative of not being able to appeal to complexity theory is that we are only able to explicitly show a
polynomial separation, but we also show that with minimal additional resources one is able to recover the exponential
separation (assuming standard complexity theory assumptions).
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III. QUANTUM CONTEXTUALITY

The quantum resource that we will use to prove these separations is called quantum contextuality. If you have
not heard of this before, it is essentially a generalization of nonlocality as a quantum phenomenon. Here, we will be
focused on so-called “state-independent” contextuality. Let us give an example in terms of Pauli operators. Consider
the operators in the following Table, called a Mermin–Peres magic square [9]:

X1 X2 X1X2 = 1

X1Z2 Z1X2 −X1Z1X2Z2 = 1

Z2 Z1 Z1Z2 = 1

= 1 = 1 = −1

TABLE III. An example of quantum contextuality using a Mermin–Peres magic square [9]. All operators in each row and
column commute. Additionally, the product of each row and column is the identity operator, except for the final column, which
gives −1. Thus, definite classical values cannot be assigned to each operator without yielding a contradiction.

Let us try and assign definite classical values to the these operators. Consider the following assignment:

1 1 1 = 1

1 1 1 = 1

1 1 1 = 1

= 1 = 1 = 1

TABLE IV. An example of an incorrect classical assignment.

Can we fix this assignment? Let us try flipping one of the signs:

1 1 1 = 1

1 1 1 = 1

1 1 −1 = −1

= 1 = 1 = −1

TABLE V. An example of an incorrect classical assignment.

Whoops, another error. Let us try and fix it again:

1 1 1 = 1

1 1 1 = 1

1 −1 −1 = 1

= 1 = −1 = −1

TABLE VI. An example of an incorrect classical assignment.

It is easy to see that any classical attempt at assigning values to these operators is an exercise in futility. In some
sense, the “correct” way to do this classically would be to e.g. assign the value 1 to Z1Z2 when measuring it with
Z2 and Z1, but then assign it −1 when measuring it with X1X2 and −X1Z1X2Z2. This is why this phenomenon is
called contextuality—the measurement result of a given observable depends on other observables that were previously
measured. For concreteness, here where we say “measured,” we mean via performing phase estimation of this operator
applied to some given input state.
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IV. QUANTUM CONTEXTUALITY GIVES MEMORY BOUNDS ON CLASSICAL SIMULATION OF
QUANTUM PROCESSES

We can immediately see how this can potentially give a memory separation between classical and quantum processes.
Let us attempt to classically simulate a process given by measuring Pauli operators on two qubits when beginning in a
stabilizer state. We do not require this simulation to be “faithful” (i.e. do not require “strong” quantum simulation),
just that the measurement results are consistent with quantum mechanics (this is weaker than even what most people
call “weak” quantum simulation); we will call this “very weak” simulation. A quantum model can of course do this
with just two qubits of memory: just perform sequential measurements of the operators on the two qubit quantum
state. Observe that the 1-qubit version of this problem can be done with 1 bit of memory; 0 can represent |+⟩ , |+i⟩ , |0⟩,
and 1 can represent |−⟩ , |−i⟩ , |1⟩ in our “very weak” simulation model.

First, we note that the even among stabilizer states, |++⟩ , |+−⟩ , |−+⟩ , |−−⟩ are perfectly distinguishable (just
measure Xi for i = 1, 2), and thus getting these measurements correct already requires two bits of memory. One can
even “cheat” and reuse storage. For example, let:

• |++⟩ , |+i + i⟩ , |00⟩ have classical representation 00,

• |+−⟩ , |+i− i⟩ , |01⟩ have classical representation 01,

• |−+⟩ , |−i + i⟩ , |10⟩ have classical representation 10,

• |−−⟩ , |−i− i⟩ , |11⟩ have classical representation 11.

Then, upon measuring Xi, Yi, Zi just output the measurement result given 1− 2ci, where ci is the classical bit in that
position. As there is nonzero probability for all of these measurement results, this simulation is “correct” under the
very weak error model we require.
However, let us now consider attempting to double up on memory with the state 1

2 (|00⟩+ |01⟩+ |10⟩ − |11⟩),
by e.g. attempting to represent this state with the classical representation 00. Now consider the measurement
of Z1Z2; as |00⟩ is represented by the bit string 00, this measurement result must be 1. The post-measurement
state of 1

2 (|00⟩+ |01⟩+ |10⟩ − |11⟩) is then 1√
2
(|00⟩ − |11⟩), and of |++⟩ is 1√

2
(|00⟩+ |11⟩). These are obviously

distinguishable states, and it is then easy to see that upon measuring e.g. X1X2 one gets distinct measurement
results with probability 1. Something similar holds for all of the other classical representations, and it is easy to see
at least one more bit is needed to represent 1

2 (|00⟩+ |01⟩+ |10⟩ − |11⟩).
How did we find this example seemingly out of nowhere? Well, note that 1

2 (|00⟩+ |01⟩+ |10⟩ − |11⟩) is the state
stabilized by the operators of the second row of Table III, |++⟩ by the first row, and |00⟩ the third row. It turns out
that generally, this single-shot distinguishability through a measurement sequence follows from quantum contextuality.

Lemma 1 (Quantum contextuality implies single-shot distinguishability). Consider three states |ψ1⟩ , |ψ2⟩ , |ψ3⟩ with
stabilizers given by the first three rows of a Mermin–Peres magic square, respectively. Assume we are given a single
copy of a state |ϕ⟩, and want to determine which of |ψ1⟩ , |ψ2⟩ , |ψ3⟩ this state is not with certainty. This can be done.

Proof. Consider first measuring −s1s′1s2s′2 as in Table VII in the given state |ϕ⟩. If this measurement result is −1, then
the state is not |ψ3⟩. If this measurement result is +1, then measure s1s

′
1 as in Table VII. As the post-measurement

state of |ψ2⟩ is stabilized by s2s
′
2 and −s1s′1s2s′2, it is also stabilized by −s1s′1, whereas |ψ1⟩ is stabilized by s1s

′
1; thus,

with certainty these give distinct measurement results upon measuring s1s
′
1, and can be distinguished with certainty.

s1 s′1 s1s
′
1 = 1

s2 s′2 s2s
′
2 = 1

s1s2 s
′
1s

′
2 −s1s′1s2s′2 = 1

= 1 = 1 −1

TABLE VII. A generic Mermin–Peres magic square.

One consequence of Lemma 1 is if three states share contextual stabilizers, even very weak simulation of Pauli
measurements on these three states is impossible if they share the same representation in the classical memory of the
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simulator. In other words, by counting how often magic squares occur in the stabilizers of a collection of states, we
will be able to lower-bound the memory required for classical simulation of Pauli measurements on stabilizer states!

So, what are a collection of stabilizer states with lots of magic squares? To narrow down the problem a bit, let
us assume we use Clifford transformations to switch Pauli frames such that the third row of Table VII is always a
computational basis state. What classes of states, when their stabilizers are taken for the first two rows of the table,
give a magic square?

It turns out we were on the right track when studying the example in Table III—the answer is graph states! If
you are unfamiliar with graph states, they are each associated with an unweighted graph with no self-loops. If the

adjacency matrix of the graph is A, then the stabilizers of the graph state are Xi ⊗
⊗
j ̸=i

Z
Aij

j . Consider two distinct

graph states; by definition, they must differ in an (at least one) edge. Let |ψ1⟩ not have this edge, and |ψ2⟩ have it,
WLOG. Label the edge where they differ (1, 2) WLOG, and let Zkl be the Zj on other edges emanating from vertex
l for the state |ψk⟩. Then we have the magic square:

X1Z11 X2Z12 X1X2Z11Z12 = 1

X1Z2Z21 Z1X2Z22 −X1X2Z1Z2Z21Z22 = 1

Z2Z11Z21 Z1Z12Z22 Z1Z2Z11Z12Z21Z22 = 1

= 1 = 1 = −1

TABLE VIII. An example of a Mermin–Peres magic square associated with graph states.

How many graph states are there? Well, there are n(n−1)
2 possible edges, and thus there are 2

n(n−1)
2 graph states.

There are only 2
n2

2 +O(n) stabilizer states [10], so this is about as good as we can expect to do.

V. MACHINE LEARNING INTERPRETATIONS OF MEMORY LOWER BOUNDS

We have shown that quantum contextuality can yield memory lower bounds on the very weak simulation of quantum
processes. How can this observation be interpreted as a statement in machine learning? So far, we have only talked
about qubits, so let us first consider the discrete version of this statement.

Let us assume we are interested in translation tasks; that is, we have an input sequence (x1, . . . ,xm), and we want
to translate this sequence into a “correct” translation (y1, . . . ,ym) (where we have assumed the input and output
sequence lengths are the same for simplicity; this can be achieved with sufficient padding, for instance). Inspired by
our previous discussion, let us consider the translation task that is as follows: given a sequence of classical descriptions
of Pauli operators, output a sequence of measurement outcomes consistent with quantum mechanics.

Focusing first on qubits, we will consider discrete machine learning models—namely, Bayesian networks. These are
given by directed acyclic graphs, where the graph defines the conditional relationships of the probability distribution
via Bayes’ rule. The most famous example of a Bayesian network is probably the hidden Markov model (HMM), where
a latent variable λi exists at each time step, from which there exists an input distribution, output distribution, and a
transfer distribution. This is essentially as general a representation of a classical sequence of inputs and measurements
on some state space that one can have. Here is an example:
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<latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit><latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit><latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit><latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit>

yj
<latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit><latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit><latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit><latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit>

yi
<latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit><latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit><latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit><latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit>

�(xi,yi)(�j |�i)
<latexit sha1_base64="XGYZPpGM2FWj87pDLUX8ftQW9Fo=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2ICURQZdFF7qsYB/QhHAznbZjZ5IwMxFD7Ce48VfcuFDErUt3/o3Th6DVAwOHc+7hzj1BzKhUtv1p5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0QrAEkYDUldUcVIKxYEeMBIMxicjfzmDRGSRuGVSmPiceiFtEsxKC355r57DpyDn5VufXqQ+rQ8LLlM5zvgX999M1r2zaJdscew/hJnSopoippvfridCCechAozkLLt2LHyMhCKYkaGBTeRJAY8gB5paxoCJ9LLxgcNrT2tdKxuJPQLlTVWfyYy4FKmPNCTHFRfznoj8T+vnajuiZfRME4UCfFkUTdhloqsUTtWhwqCFUs1ASyo/quF+yAAK91hQZfgzJ78lzQOK45dcS6PitXTaR15tIN2UQk56BhV0QWqoTrC6B49omf0YjwYT8ar8TYZzRnTzDb6BeP9CxhqnJ0=</latexit><latexit sha1_base64="XGYZPpGM2FWj87pDLUX8ftQW9Fo=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2ICURQZdFF7qsYB/QhHAznbZjZ5IwMxFD7Ce48VfcuFDErUt3/o3Th6DVAwOHc+7hzj1BzKhUtv1p5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0QrAEkYDUldUcVIKxYEeMBIMxicjfzmDRGSRuGVSmPiceiFtEsxKC355r57DpyDn5VufXqQ+rQ8LLlM5zvgX999M1r2zaJdscew/hJnSopoippvfridCCechAozkLLt2LHyMhCKYkaGBTeRJAY8gB5paxoCJ9LLxgcNrT2tdKxuJPQLlTVWfyYy4FKmPNCTHFRfznoj8T+vnajuiZfRME4UCfFkUTdhloqsUTtWhwqCFUs1ASyo/quF+yAAK91hQZfgzJ78lzQOK45dcS6PitXTaR15tIN2UQk56BhV0QWqoTrC6B49omf0YjwYT8ar8TYZzRnTzDb6BeP9CxhqnJ0=</latexit><latexit sha1_base64="XGYZPpGM2FWj87pDLUX8ftQW9Fo=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2ICURQZdFF7qsYB/QhHAznbZjZ5IwMxFD7Ce48VfcuFDErUt3/o3Th6DVAwOHc+7hzj1BzKhUtv1p5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0QrAEkYDUldUcVIKxYEeMBIMxicjfzmDRGSRuGVSmPiceiFtEsxKC355r57DpyDn5VufXqQ+rQ8LLlM5zvgX999M1r2zaJdscew/hJnSopoippvfridCCechAozkLLt2LHyMhCKYkaGBTeRJAY8gB5paxoCJ9LLxgcNrT2tdKxuJPQLlTVWfyYy4FKmPNCTHFRfznoj8T+vnajuiZfRME4UCfFkUTdhloqsUTtWhwqCFUs1ASyo/quF+yAAK91hQZfgzJ78lzQOK45dcS6PitXTaR15tIN2UQk56BhV0QWqoTrC6B49omf0YjwYT8ar8TYZzRnTzDb6BeP9CxhqnJ0=</latexit><latexit sha1_base64="XGYZPpGM2FWj87pDLUX8ftQW9Fo=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2ICURQZdFF7qsYB/QhHAznbZjZ5IwMxFD7Ce48VfcuFDErUt3/o3Th6DVAwOHc+7hzj1BzKhUtv1p5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0QrAEkYDUldUcVIKxYEeMBIMxicjfzmDRGSRuGVSmPiceiFtEsxKC355r57DpyDn5VufXqQ+rQ8LLlM5zvgX999M1r2zaJdscew/hJnSopoippvfridCCechAozkLLt2LHyMhCKYkaGBTeRJAY8gB5paxoCJ9LLxgcNrT2tdKxuJPQLlTVWfyYy4FKmPNCTHFRfznoj8T+vnajuiZfRME4UCfFkUTdhloqsUTtWhwqCFUs1ASyo/quF+yAAK91hQZfgzJ78lzQOK45dcS6PitXTaR15tIN2UQk56BhV0QWqoTrC6B49omf0YjwYT8ar8TYZzRnTzDb6BeP9CxhqnJ0=</latexit>

↵(�0j |�0i, xj)
<latexit sha1_base64="2gY4/quKZmV0AVbKy4jEkrS99wQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJU0JKIoMuiG5cV7AOaGG4mk3bayYOZiVhiv8KNv+LGhSJuxZ1/47TNQlsPDBzOuYc793gJo0Ka5rdWWFhcWl4prpbW1jc2t/TtnaaIU45JA8cs5m0PBGE0Ig1JJSPthBMIPUZa3uBy7LfuCBc0jm7kMCFOCN2IBhSDVJKrH9vAkh5UbKYyPtzaCachcfsPMwI9unf7h65eNqvmBMY8sXJSRjnqrv5l+zFOQxJJzECIjmUm0smAS4oZGZXsVJAE8AC6pKNoBCERTjY5a2QcKMU3gpirF0ljov5OZBAKMQw9NRmC7IlZbyz+53VSGZw7GY2SVJIITxcFKTNkbIw7MnzKCZZsqAhgTtVfDdwDDliqJkuqBGv25HnSPKlaZtW6Pi3XLvI6imgP7aMKstAZqqErVEcNhNEjekav6E170l60d+1jOlrQ8swu+gPt8wfRgp/C</latexit><latexit sha1_base64="2gY4/quKZmV0AVbKy4jEkrS99wQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJU0JKIoMuiG5cV7AOaGG4mk3bayYOZiVhiv8KNv+LGhSJuxZ1/47TNQlsPDBzOuYc793gJo0Ka5rdWWFhcWl4prpbW1jc2t/TtnaaIU45JA8cs5m0PBGE0Ig1JJSPthBMIPUZa3uBy7LfuCBc0jm7kMCFOCN2IBhSDVJKrH9vAkh5UbKYyPtzaCachcfsPMwI9unf7h65eNqvmBMY8sXJSRjnqrv5l+zFOQxJJzECIjmUm0smAS4oZGZXsVJAE8AC6pKNoBCERTjY5a2QcKMU3gpirF0ljov5OZBAKMQw9NRmC7IlZbyz+53VSGZw7GY2SVJIITxcFKTNkbIw7MnzKCZZsqAhgTtVfDdwDDliqJkuqBGv25HnSPKlaZtW6Pi3XLvI6imgP7aMKstAZqqErVEcNhNEjekav6E170l60d+1jOlrQ8swu+gPt8wfRgp/C</latexit><latexit sha1_base64="2gY4/quKZmV0AVbKy4jEkrS99wQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJU0JKIoMuiG5cV7AOaGG4mk3bayYOZiVhiv8KNv+LGhSJuxZ1/47TNQlsPDBzOuYc793gJo0Ka5rdWWFhcWl4prpbW1jc2t/TtnaaIU45JA8cs5m0PBGE0Ig1JJSPthBMIPUZa3uBy7LfuCBc0jm7kMCFOCN2IBhSDVJKrH9vAkh5UbKYyPtzaCachcfsPMwI9unf7h65eNqvmBMY8sXJSRjnqrv5l+zFOQxJJzECIjmUm0smAS4oZGZXsVJAE8AC6pKNoBCERTjY5a2QcKMU3gpirF0ljov5OZBAKMQw9NRmC7IlZbyz+53VSGZw7GY2SVJIITxcFKTNkbIw7MnzKCZZsqAhgTtVfDdwDDliqJkuqBGv25HnSPKlaZtW6Pi3XLvI6imgP7aMKstAZqqErVEcNhNEjekav6E170l60d+1jOlrQ8swu+gPt8wfRgp/C</latexit><latexit sha1_base64="2gY4/quKZmV0AVbKy4jEkrS99wQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJU0JKIoMuiG5cV7AOaGG4mk3bayYOZiVhiv8KNv+LGhSJuxZ1/47TNQlsPDBzOuYc793gJo0Ka5rdWWFhcWl4prpbW1jc2t/TtnaaIU45JA8cs5m0PBGE0Ig1JJSPthBMIPUZa3uBy7LfuCBc0jm7kMCFOCN2IBhSDVJKrH9vAkh5UbKYyPtzaCachcfsPMwI9unf7h65eNqvmBMY8sXJSRjnqrv5l+zFOQxJJzECIjmUm0smAS4oZGZXsVJAE8AC6pKNoBCERTjY5a2QcKMU3gpirF0ljov5OZBAKMQw9NRmC7IlZbyz+53VSGZw7GY2SVJIITxcFKTNkbIw7MnzKCZZsqAhgTtVfDdwDDliqJkuqBGv25HnSPKlaZtW6Pi3XLvI6imgP7aMKstAZqqErVEcNhNEjekav6E170l60d+1jOlrQ8swu+gPt8wfRgp/C</latexit>

�(yi|�0i)
<latexit sha1_base64="QBPEVzzPFMnWRFM6Y1wfXNj4K4U=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWom5KIoMuiG5cV7AOaGCaTm3boTBJmJkKoXbjxV9y4UMStH+HOv3HaZqGtBwYO59zDnXuClFGpbPvbKK2srq1vlDcrW9s7u3vm/kFHJpkg0CYJS0QvwBIYjaGtqGLQSwVgHjDoBqOrqd+9ByFpEt+qPAWP40FMI0qw0pJvVt0AFK7nPn1wmY6F+M5NBeXg0xPfrNkNewZrmTgFqaECLd/8csOEZBxiRRiWsu/YqfLGWChKGEwqbiYhxWSEB9DXNMYcpDeeHTGxjrUSWlEi9IuVNVN/J8aYS5nzQE9yrIZy0ZuK/3n9TEUX3pjGaaYgJvNFUcYslVjTRqyQCiCK5ZpgIqj+q0WGWGCidG8VXYKzePIy6Zw2HLvh3JzVmpdFHWVURUeojhx0jproGrVQGxH0iJ7RK3oznowX4934mI+WjCJziP7A+PwBsQ2YGw==</latexit><latexit sha1_base64="QBPEVzzPFMnWRFM6Y1wfXNj4K4U=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWom5KIoMuiG5cV7AOaGCaTm3boTBJmJkKoXbjxV9y4UMStH+HOv3HaZqGtBwYO59zDnXuClFGpbPvbKK2srq1vlDcrW9s7u3vm/kFHJpkg0CYJS0QvwBIYjaGtqGLQSwVgHjDoBqOrqd+9ByFpEt+qPAWP40FMI0qw0pJvVt0AFK7nPn1wmY6F+M5NBeXg0xPfrNkNewZrmTgFqaECLd/8csOEZBxiRRiWsu/YqfLGWChKGEwqbiYhxWSEB9DXNMYcpDeeHTGxjrUSWlEi9IuVNVN/J8aYS5nzQE9yrIZy0ZuK/3n9TEUX3pjGaaYgJvNFUcYslVjTRqyQCiCK5ZpgIqj+q0WGWGCidG8VXYKzePIy6Zw2HLvh3JzVmpdFHWVURUeojhx0jproGrVQGxH0iJ7RK3oznowX4934mI+WjCJziP7A+PwBsQ2YGw==</latexit><latexit sha1_base64="QBPEVzzPFMnWRFM6Y1wfXNj4K4U=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWom5KIoMuiG5cV7AOaGCaTm3boTBJmJkKoXbjxV9y4UMStH+HOv3HaZqGtBwYO59zDnXuClFGpbPvbKK2srq1vlDcrW9s7u3vm/kFHJpkg0CYJS0QvwBIYjaGtqGLQSwVgHjDoBqOrqd+9ByFpEt+qPAWP40FMI0qw0pJvVt0AFK7nPn1wmY6F+M5NBeXg0xPfrNkNewZrmTgFqaECLd/8csOEZBxiRRiWsu/YqfLGWChKGEwqbiYhxWSEB9DXNMYcpDeeHTGxjrUSWlEi9IuVNVN/J8aYS5nzQE9yrIZy0ZuK/3n9TEUX3pjGaaYgJvNFUcYslVjTRqyQCiCK5ZpgIqj+q0WGWGCidG8VXYKzePIy6Zw2HLvh3JzVmpdFHWVURUeojhx0jproGrVQGxH0iJ7RK3oznowX4934mI+WjCJziP7A+PwBsQ2YGw==</latexit><latexit sha1_base64="QBPEVzzPFMnWRFM6Y1wfXNj4K4U=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWom5KIoMuiG5cV7AOaGCaTm3boTBJmJkKoXbjxV9y4UMStH+HOv3HaZqGtBwYO59zDnXuClFGpbPvbKK2srq1vlDcrW9s7u3vm/kFHJpkg0CYJS0QvwBIYjaGtqGLQSwVgHjDoBqOrqd+9ByFpEt+qPAWP40FMI0qw0pJvVt0AFK7nPn1wmY6F+M5NBeXg0xPfrNkNewZrmTgFqaECLd/8csOEZBxiRRiWsu/YqfLGWChKGEwqbiYhxWSEB9DXNMYcpDeeHTGxjrUSWlEi9IuVNVN/J8aYS5nzQE9yrIZy0ZuK/3n9TEUX3pjGaaYgJvNFUcYslVjTRqyQCiCK5ZpgIqj+q0WGWGCidG8VXYKzePIy6Zw2HLvh3JzVmpdFHWVURUeojhx0jproGrVQGxH0iJ7RK3oznowX4934mI+WjCJziP7A+PwBsQ2YGw==</latexit>

�0i = (�i, xi, yi)
<latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Gm4U5M1gnrFCZ4gksImyqsIJwYM=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eglWoICXxohdB8OKxgv2AJobNZtMu3U3C7kYMoX/Ai3/FiwdF/BHe/Ddu2xy09cHA470ZZuYFKaNS2fa3UVlZXVvfqG7WturbO7vmXr0rk0xg0sEJS0Q/QJIwGpOOooqRfioI4gEjvWB8PfV7D0RImsR3Kk+Jx9EwphHFSGnJN49cpptDdO+mgnLi08tmqfj09FFX7tMT32zYLXsGa5k4JWlAibZvfrlhgjNOYoUZknLg2KnyCiQUxYxMam4mSYrwGA3JQNMYcSK9YvbNxDrWSmhFidAVK2um/p4oEJcy54Hu5EiN5KI3Ff/zBpmKLryCxmmmSIzni6KMWSqxptFYIRUEK5ZrgrCg+lYLj5BAWOkAazoEZ/HlZdI9azl2y7m1oQoHcAhNcOAcruAG2tABDE/wAm/wbjwbr8bHPK6KUea2D39gfP4AIK+Z4w==</latexit><latexit sha1_base64="Gm4U5M1gnrFCZ4gksImyqsIJwYM=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eglWoICXxohdB8OKxgv2AJobNZtMu3U3C7kYMoX/Ai3/FiwdF/BHe/Ddu2xy09cHA470ZZuYFKaNS2fa3UVlZXVvfqG7WturbO7vmXr0rk0xg0sEJS0Q/QJIwGpOOooqRfioI4gEjvWB8PfV7D0RImsR3Kk+Jx9EwphHFSGnJN49cpptDdO+mgnLi08tmqfj09FFX7tMT32zYLXsGa5k4JWlAibZvfrlhgjNOYoUZknLg2KnyCiQUxYxMam4mSYrwGA3JQNMYcSK9YvbNxDrWSmhFidAVK2um/p4oEJcy54Hu5EiN5KI3Ff/zBpmKLryCxmmmSIzni6KMWSqxptFYIRUEK5ZrgrCg+lYLj5BAWOkAazoEZ/HlZdI9azl2y7m1oQoHcAhNcOAcruAG2tABDE/wAm/wbjwbr8bHPK6KUea2D39gfP4AIK+Z4w==</latexit><latexit sha1_base64="icIgF6PZONj63kLS/vcqCGm+lPA=">AAACDXicbVC7TsMwFHV4lvIKMLJYFKQioSphgQWpgoWxSPQhNSFyHKe1ajuR7SCiqj/Awq+wMIAQKzsbf4PbZoCWI13p6JxzZd8Tpowq7Tjf1sLi0vLKammtvL6xubVt7+y2VJJJTJo4YYnshEgRRgVpaqoZ6aSSIB4y0g4HV2O/fU+koom41XlKfI56gsYUI22kwD70mAlH6M5LJeUkoBfVQgnoyYOZPKDHgV1xas4EcJ64BamAAo3A/vKiBGecCI0ZUqrrOqn2h0hqihkZlb1MkRThAeqRrqECcaL84eSaETwySgTjRJoRGk7U3xtDxJXKeWiSHOm+mvXG4n9eN9PxuT+kIs00EXj6UJwxqBM4rgZGVBKsWW4IwpKav0LcRxJhbQosmxLc2ZPnSeu05jo198ap1C+LOkpgHxyAKnDBGaiDa9AATYDBI3gGr+DNerJerHfrYxpdsIqdPfAH1ucPy4SbVw==</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit><latexit sha1_base64="ojMSSWtQ4EQJgNk8YoWMpqPnguE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQTdC0Y3LCvYBTQyTyaQdOpmEmYkYQn/Ajb/ixoUibt2782+ctllo64ELh3POZeYeP2FUKsv6NkoLi0vLK+XVytr6xuaWub3TlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vBr7nXsiJI35rcoS4kaoz2lIMVJa8swDh+lwgO6cRNCIePSiVigePX7Qk3n0yDOrVt2aAM4TuyBVUKDpmV9OEOM0IlxhhqTs2Vai3BwJRTEjo4qTSpIgPER90tOUo4hIN59cM4KHWglgGAs9XMGJ+nsjR5GUWeTrZITUQM56Y/E/r5eq8NzNKU9SRTiePhSmDKoYjquBARUEK5ZpgrCg+q8QD5BAWOkCK7oEe/bkedI+qdtW3b45rTYuizrKYA/sgxqwwRlogGvQBC2AwSN4Bq/gzXgyXox342MaLRnFzi74A+PzB8zEm1s=</latexit>

�0i
<latexit sha1_base64="SlmVLj4S9/nUJPeBQhevlZi7GOA=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqAzDpnMbRuaZIYkUyhD/8SNC0Xc+ifu/BvTdhbaeiBwOOdc7s2JM8608bxvZ219Y3Nru7JT3d3bPzh0j47bOs0VhRZNeaq6MdHAmYSWYYZDN1NARMyhE4/uZn5nDEqzVD6aSQahIAPJ+owSY6XIdQNuwwl5CjLFBEQscmte3ZsDrxK/JDVUohm5X0GS0lyANJQTrXu+l5mwIMowymFaDXINGaEjMoCepZII0GExv3yKz62S4H6q7JMGz9XfEwURWk9EbJOCmKFe9mbif14vN/2bsGAyyw1IuljUzzk2KZ7VgBOmgBo+sYRQxeytmA6JItTYsqq2BH/5y6ukfVn3vbr/cFVr3JZ1VNApOkMXyEfXqIHuURO1EEVj9Ixe0ZtTOC/Ou/OxiK455cwJ+gPn8welvZOn</latexit><latexit sha1_base64="SlmVLj4S9/nUJPeBQhevlZi7GOA=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqAzDpnMbRuaZIYkUyhD/8SNC0Xc+ifu/BvTdhbaeiBwOOdc7s2JM8608bxvZ219Y3Nru7JT3d3bPzh0j47bOs0VhRZNeaq6MdHAmYSWYYZDN1NARMyhE4/uZn5nDEqzVD6aSQahIAPJ+owSY6XIdQNuwwl5CjLFBEQscmte3ZsDrxK/JDVUohm5X0GS0lyANJQTrXu+l5mwIMowymFaDXINGaEjMoCepZII0GExv3yKz62S4H6q7JMGz9XfEwURWk9EbJOCmKFe9mbif14vN/2bsGAyyw1IuljUzzk2KZ7VgBOmgBo+sYRQxeytmA6JItTYsqq2BH/5y6ukfVn3vbr/cFVr3JZ1VNApOkMXyEfXqIHuURO1EEVj9Ixe0ZtTOC/Ou/OxiK455cwJ+gPn8welvZOn</latexit><latexit sha1_base64="SlmVLj4S9/nUJPeBQhevlZi7GOA=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqAzDpnMbRuaZIYkUyhD/8SNC0Xc+ifu/BvTdhbaeiBwOOdc7s2JM8608bxvZ219Y3Nru7JT3d3bPzh0j47bOs0VhRZNeaq6MdHAmYSWYYZDN1NARMyhE4/uZn5nDEqzVD6aSQahIAPJ+owSY6XIdQNuwwl5CjLFBEQscmte3ZsDrxK/JDVUohm5X0GS0lyANJQTrXu+l5mwIMowymFaDXINGaEjMoCepZII0GExv3yKz62S4H6q7JMGz9XfEwURWk9EbJOCmKFe9mbif14vN/2bsGAyyw1IuljUzzk2KZ7VgBOmgBo+sYRQxeytmA6JItTYsqq2BH/5y6ukfVn3vbr/cFVr3JZ1VNApOkMXyEfXqIHuURO1EEVj9Ixe0ZtTOC/Ou/OxiK455cwJ+gPn8welvZOn</latexit><latexit sha1_base64="SlmVLj4S9/nUJPeBQhevlZi7GOA=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuyowIuiy6cVnBPqAzDpnMbRuaZIYkUyhD/8SNC0Xc+ifu/BvTdhbaeiBwOOdc7s2JM8608bxvZ219Y3Nru7JT3d3bPzh0j47bOs0VhRZNeaq6MdHAmYSWYYZDN1NARMyhE4/uZn5nDEqzVD6aSQahIAPJ+owSY6XIdQNuwwl5CjLFBEQscmte3ZsDrxK/JDVUohm5X0GS0lyANJQTrXu+l5mwIMowymFaDXINGaEjMoCepZII0GExv3yKz62S4H6q7JMGz9XfEwURWk9EbJOCmKFe9mbif14vN/2bsGAyyw1IuljUzzk2KZ7VgBOmgBo+sYRQxeytmA6JItTYsqq2BH/5y6ukfVn3vbr/cFVr3JZ1VNApOkMXyEfXqIHuURO1EEVj9Ixe0ZtTOC/Ou/OxiK455cwJ+gPn8welvZOn</latexit>

�0j
<latexit sha1_base64="FXnWf00mMFvjBHP8dHy6Ex/jyvM=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqCJYTK5acfOTMLMpFBC/8SNC0Xc+ifu/BunbRbaemDgcM653DsnyhhV2nW/rcra+sbmVnW7trO7t39gHx51VJpLAm2SslT2IqyAUQFtTTWDXiYB84hBNxrdzvzuGKSiqXjQkwwCjgeCJpRgbaTQtn1mwjF+9DNJOYRPoV13G+4czirxSlJHJVqh/eXHKck5CE0YVqrvuZkOCiw1JQymNT9XkGEywgPoGyowBxUU88unzplRYidJpXlCO3P190SBuVITHpkkx3qolr2Z+J/Xz3VyHRRUZLkGQRaLkpw5OnVmNTgxlUA0mxiCiaTmVocMscREm7JqpgRv+curpHPR8NyGd39Zb96UdVTRCTpF58hDV6iJ7lALtRFBY/SMXtGbVVgv1rv1sYhWrHLmGP2B9fkDp0GTqA==</latexit><latexit sha1_base64="FXnWf00mMFvjBHP8dHy6Ex/jyvM=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqCJYTK5acfOTMLMpFBC/8SNC0Xc+ifu/BunbRbaemDgcM653DsnyhhV2nW/rcra+sbmVnW7trO7t39gHx51VJpLAm2SslT2IqyAUQFtTTWDXiYB84hBNxrdzvzuGKSiqXjQkwwCjgeCJpRgbaTQtn1mwjF+9DNJOYRPoV13G+4czirxSlJHJVqh/eXHKck5CE0YVqrvuZkOCiw1JQymNT9XkGEywgPoGyowBxUU88unzplRYidJpXlCO3P190SBuVITHpkkx3qolr2Z+J/Xz3VyHRRUZLkGQRaLkpw5OnVmNTgxlUA0mxiCiaTmVocMscREm7JqpgRv+curpHPR8NyGd39Zb96UdVTRCTpF58hDV6iJ7lALtRFBY/SMXtGbVVgv1rv1sYhWrHLmGP2B9fkDp0GTqA==</latexit><latexit sha1_base64="FXnWf00mMFvjBHP8dHy6Ex/jyvM=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqCJYTK5acfOTMLMpFBC/8SNC0Xc+ifu/BunbRbaemDgcM653DsnyhhV2nW/rcra+sbmVnW7trO7t39gHx51VJpLAm2SslT2IqyAUQFtTTWDXiYB84hBNxrdzvzuGKSiqXjQkwwCjgeCJpRgbaTQtn1mwjF+9DNJOYRPoV13G+4czirxSlJHJVqh/eXHKck5CE0YVqrvuZkOCiw1JQymNT9XkGEywgPoGyowBxUU88unzplRYidJpXlCO3P190SBuVITHpkkx3qolr2Z+J/Xz3VyHRRUZLkGQRaLkpw5OnVmNTgxlUA0mxiCiaTmVocMscREm7JqpgRv+curpHPR8NyGd39Zb96UdVTRCTpF58hDV6iJ7lALtRFBY/SMXtGbVVgv1rv1sYhWrHLmGP2B9fkDp0GTqA==</latexit><latexit sha1_base64="FXnWf00mMFvjBHP8dHy6Ex/jyvM=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqCJYTK5acfOTMLMpFBC/8SNC0Xc+ifu/BunbRbaemDgcM653DsnyhhV2nW/rcra+sbmVnW7trO7t39gHx51VJpLAm2SslT2IqyAUQFtTTWDXiYB84hBNxrdzvzuGKSiqXjQkwwCjgeCJpRgbaTQtn1mwjF+9DNJOYRPoV13G+4czirxSlJHJVqh/eXHKck5CE0YVqrvuZkOCiw1JQymNT9XkGEywgPoGyowBxUU88unzplRYidJpXlCO3P190SBuVITHpkkx3qolr2Z+J/Xz3VyHRRUZLkGQRaLkpw5OnVmNTgxlUA0mxiCiaTmVocMscREm7JqpgRv+curpHPR8NyGd39Zb96UdVTRCTpF58hDV6iJ7lALtRFBY/SMXtGbVVgv1rv1sYhWrHLmGP2B9fkDp0GTqA==</latexit>

xi
<latexit sha1_base64="96Omxy49SPGED3hOl6/e89unjWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2CQjdg=</latexit><latexit sha1_base64="96Omxy49SPGED3hOl6/e89unjWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2CQjdg=</latexit><latexit sha1_base64="96Omxy49SPGED3hOl6/e89unjWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2CQjdg=</latexit><latexit sha1_base64="96Omxy49SPGED3hOl6/e89unjWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2CQjdg=</latexit>

xj
<latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit><latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit><latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit><latexit sha1_base64="bJS+ZjuRc+bROALVPql5Z/VTD0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+W9GSfoR3QgecgZNVa6e+o99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFiFI3Z</latexit>

yj
<latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit><latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit><latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit><latexit sha1_base64="vJKt63GG66uCS+vWn9o+4+x9Dd0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfkAbymY7adduNmF3I4TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfTP32EyrNY/lgsgT9iA4lDzmjxkr3Wf+xX6m6NXcGsky8glShQKNf+eoNYpZGKA0TVOuu5ybGz6kynAmclHupxoSyMR1i11JJI9R+Pjt1Qk6tMiBhrGxJQ2bq74mcRlpnUWA7I2pGetGbiv953dSEV37OZZIalGy+KEwFMTGZ/k0GXCEzIrOEMsXtrYSNqKLM2HTKNgRv8eVl0jqveW7Nu7uo1q+LOEpwDCdwBh5cQh1uoQFNYDCEZ3iFN0c4L8678zFvXXGKmSP4A+fzB2Oajdo=</latexit>

yi
<latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit><latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit><latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit><latexit sha1_base64="fYHWTPnicP3K/a8xK5ZBBgxUcng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRuIQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1ONgkk+rfRTwxPKJnTEe5YqGnHj5/NTp+TMKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMr/1cqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbToVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AWIWjdk=</latexit>

(a) (b)

p(yi | �i, xi)

<latexit sha1_base64="NcqXbOvK/QerRuWfkjp5g3zTKy8="></latexit>

FIG. 1. Diagrams represent hidden Markov models (HMMs).
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Note that this essentially automatically gives us a theorem separating the expressive power of basis-enhanced HMMs
and HMMs.

Theorem 1 (Hidden Markov models and quantum contextuality). There exists a family of basis-enhanced 2-gram
models with a state space of dimensionality D, that cannot be approximated to finite KL divergence by any classical
hidden Markov models in the translation form with a number of hidden units fewer than DΩ(logD).

This is actually a superpolynomial separation in the number of hidden states—where this comes from is the n
versus ∼ n2 memory separation in terms of (qu)bits, and the fact that the hidden space scales exponentially with
these quantities.

We can also state a similar separation for neural networks. There are a lot more things to track because everything
becomes continuous rather than discrete, but via similar methods we prove the following theorem:

Theorem 2 (Online stabilizer measurement translation memory lower bound, informal). There is an n versus n(n−3)
2

expressivity separation in the quantum and classical neural network models.

We prove this theorem by using the continuous-variable quantum mechanical version of Clifford circuits—namely,
Gaussian circuits (on GKP states). In other words, we measure things like position and momentum operators modulo
2π on an initial infinitely squeezed state. A surprising corollary of this result then is that the addition of the vacuum
state makes this model universal, and practical implementations of such a network are probably more powerful than
the theoretical construction we consider here.
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